General Description of the Analysis
The following list summarizes the characteristics and performance data of the isolated, supported, paced, left ventricle of a 10 kg dog. Values were either taken from the literature or estimated as experimentally typical. Data on flows, volumes, and work for dogs other than 10 kg have been adjusted by ratios based on dog weight (see Guyton, 0 p. 5). These data describe what will be called a "normal state" and constitute a set of criteria to which the analysis must conform. This cardiac cycle is illustrated in figure 1 which anticipates the results of the analysis and to which further reference will be made. The schema proposed for the analysis of ventricular pumping is shown in figure 2 . The relationships which describe the various parts of this schema (ventricle, arterial load, and venous source) during systole and diastole between the measurable variables pressure P, volume V, and flow dV/dt are given in equations 1 to 5. The rationale behind figure 2 and these five equations constitute the first half of the subsequent analysis, the latter half being concerned with the cardiac performance resulting from them.
Systole:
The ventricle;
The arterial load; 
The symbols are used as follows:
P is the intraventricular pressure. P s (V) is the isometric pressure volume curve during systole. V is the total volume of the ventricle. R s is the coefficient of myocardial viscosity during systole.
dV dt is the rate of change of volume or flow.
It is cardiac output during systole and pulmonary venous return during diastole.
C e is the compliance of that portion of ventricular volume contributed by the stretching of the series elastic component of the myocardium. C a is the compliance of the elastic Windkessel of the arterial tree. R a is the systemic resistance. R v is the small resistance of the aortic valve and ascending aorta. P d (V) is the isometric pressure volume curve of the ventricle during diastole. R d is the coefficient of myocardial viscosity during diastole. r is the relaxation time constant of the myocardial viscosity. P a is the arterial pressure. P v is the filling pressure in the pulmonary venous reservoir. R p is the resistance of the pulmonary veins, atrium, and mitral valve.
Equations 1 through 5 were solved on an analogue computer. The operation of a switch caused the isometric pressure volume curve to alternate between P S (V) and P d (V) during systole and diastole, respectively. A similar switch simultaneously alternated the myocardial viscosity between R s and R d . Ideal valves permitted blood flow through the aortic and mitral valves only upon the appropriate sign of the pressure gradient. The computer solved equations 1 and 2 during systole. At end systole the switches operated and the final values of V, P and P a were introduced as initial values into equations 3, 4, and 5 which were then solved through diastole. At end diastole the final values V, P and P,, were again introduced into equations 1 and 2 and the process started again. With time, the solution tends toward an equilibrium cycle which is the desired steady state solution. An X-Y recorder was used to trace out the cycle as shown in figure 1 and from this record, end diastolic volume, stroke volume, and arterial pressure may be obtained. The origins of equations 1 through 5 will now be discussed in turn, along with the numerical evaluations of the functions and constants they contain.
SYSTOLE: THE VENTRICLE (EQUATION 1)
It is now generally accepted in muscle mechanics that a muscle of length L may be divided conceptually into two lengths; L e , the length of the series elastic component and L c , the length of the contractile component. 11 rather than a sarcoplasmic viscosity, but since the net mechanical effect (rather than thermodynamic) is a viscous one, it will be referred to by the term myocardial viscosity. An excellent discussion of these concepts has been given by Fry et al. 12 So long as the elements in figure 2 (other than P S (V)) are assumed linear, the derivation of equation 1 is not difficult. Whether these approximations are justifiable requires a closer inspection of the intuitive concepts just described. Consequently a more rigorous derivation of equation 1 based on an analytical description of cardiac muscle together with a more specific enumeration of the required assumptions is presented in Appendix 1. The numerical evaluations in equation 1 are as follows: Of all the properties of the ventricle that determine cardiac performance P S (V), the pressure head generated by muscular contraction, is very important. Frank recognized its vital role 70 years ago and measured it for the frog ventricle. Starling recognized its importance again in 1915 and saw that it was the key to his law of the heart. Oddly, little attention has been paid since to its measurement, especially in the mammalian heart. The data used here are taken from Ullrich et al., 13 Abbildung 11, scaled in volume by the dog weight ratio of 10:15 kg with the zero volume shifted as indicated by 4 ml. The curve is reproduced in figure 3 along with the approximation used. This approximation consisted of diastolic isometric pressure P d (V) to which is added a parabolic added pressure during systole of the form ( V ) = P ( J ( V ) + 3 2 0 H'-*)"] (6) where V is in ml and pressures are in mm Hg. The parabola was chosen to yield a good fit to experimental data near normal end diastolic volume (20 ml).
R,; the Systolic Myocardial Viscosity
No direct measurements of R, seem to be available and its vital importance in regulating aortic flow has received very little recognition. Fortunately it may be estimated indirectly. Figure  4 shows the waveform of aortic flow along with a somewhat idealized straight line approximation that preserves the area under the curve (stroke volume).
The three points (I, II, and III) represent beginning, mid, and end systole at which times the flows are approximately 80, 60, and 40 ml/ sec. The same points in figure 3 indicate that Typical aortic flow pattern and simple approximation used to estimate that tmjocardial viscosity (evaluated at points I, II, and III) is independent of volume.
at these instants, when volume is 20, 13, and 8 ml, respectively, P S (V) is 320, 288, and 253 mm Hg, respectively. Ventricular pressure P at these instants may be estimated as 80, 100, and 120 mm Hg, respectively. Since R s during systole is approximately the ratio between P«(V) -P and flow dV/dt, the estimates for R 8 at the three points are 3.00, 3.13, and 3.33 mm Hg/ml/sec. Within the limits of the accuracy of these data one may conclude that R s , whose mean value is 3.15 mm Hg/ml/sec, is not a function of ventricular volume (or fiber length).
A quantitatively accurate derivation of wholeventricle properties from myocardial properties, while conceptually easy (e.g. Holt, 14 Fry 15 ), is, in practice, full of pitfalls among which are the volume to be assigned to the endocardium; the inapplicability of the law of Laplace for thin walled vessels to the thick walls of the ventricle (whose thickness is constantly changing); the various orientations of muscle fibers; and the inability to relate fiber lengths with volume as is done in the cylindrical or spherical approximations. Nevertheless, it is encouraging to discover that the force-velocity data of Sonnenblick" can be utilized to derive a value for R s of 2.83 mm Hg/ml/sec. Since this derivation is thus of some interest, it is reproduced in Appendix 2. fig. 3 ) indicate a maximum isometric tension of 11.3 g at a length of 1.55 cm. Thus, the extension is 3.68% for a force which is 17.7% of isometric tension at this length. Allowing this length and tension to correspond to 20 ml and 325 mm Hg in the ventricle and assuming that the volume varies as the square of fiber length (cylindrical approximation), the volume will increase 7.36% or 1.472 ml for a pressure of 57.5 mm Hg. Thus
This is a small compliance compared to the arterial Windkessel and plays only a small role in determining cardiac output. It does, however, play a role in determining the rate of rise of pressure during isovolumetric contraction when dV/dt= 0 and equation 1 has the form dP dt
= P S (V).
The solution to equation 7 is This leads to a duration of isovolumetric contraction (to 80 mm Hg) of 20 msec, a little less than half the accepted value (55 msec). The time of spread of activity (about 20 msec), which has been neglected in this study, accounts for the remainder.
SYSTOLE: THE ARTERIAL LOAD (EQUATION 2)
The differential equation 2 of a load consisting of an aortic resistance R v , an arterial Windkessel C o and a systemic resistance R a (all of which are approximated as linear) may be derived easily and need not be dealt with here. Subsequent experimentation with the computer indicates that this rather simple choice of load is adequate because blood flow during systole is Circulation Research, Vol. XVII, September 196} predominately governed by the myocardial viscosity R s . This fact enables one to ignore the detailed structure of the load due to such things as pulse propagation and reflections in the arterial tree as well as the inertia due to blood mass. The measurements of Spencer and Geiss 16 show that the combined systolic pressure drop between ventricle and aorta due to resistance and inertia (which causes the gradient to reverse during the last half of systole) is about 2.5 mm Hg. This is so small compared to the pressure drop across R s (typically 150 mm Hg) that mass effects are negligible in determining cardiac output. Numerical evaluation of these coefficients is as follows:
Ro; Systemic Resistance
In the normal case the mean aortic pressure is about 100 mm Hg, the cardiac output is 24 ml/sec so that This is quite small and a token drop of 2 mm Hg at a mean aortic flow of 60 ml/sec indicates R v = JL =0.033 mm Hg/ml/sec. 60
DIASTOLE: THE VENTRICLE (EQUATION 3)
Basically, the same equation that governed systole should govern diastole, at least in form, and equations 1 and 3 do have the same basic form. The principal difference is that the myocardial properties pass from active state values of pressure and viscosity P,(V) and R s to relaxed values of P<;(V) and R d . However, it is clear from inspection of pressure contours that the myocardium passes out of activity more slowly than it enters it. It is especially necessary that myocardial viscosity not fall abruptly to its low final value for it constitutes the major damping element in the filling process. As the pressure gradient across the mitral valve suddenly reverses, a large initial inflow would occur without such damping. Thus while isometric pressure was allowed to drop at once from P,(V) to P<j(V) at end systole, myocardial resistance was forced to decay exponentially from R s to R d with a These data are taken from Brecher and Kissen 7 and scaled in volume from a 15 kg to a 10 kg dog by body weight. The data are not given for volumes over 130% of normal end diastolic volume so that values beyond this were taken from Ullrich et al., 13 the two curves being forced to blend smoothly near 26 ml. The result is shown in figure 3 . This curve ignores the influence of the pericardium which is neglected in this study. Interfascicular tension creates a negative pressure below 6 ml but since the ventricle seldom reaches such small volumes, the contribution of diastolic suction in this analysis is very small.
Rj; the Final Value of Diastolic Myocardial Resistance
With no quantitative data available, a crude estimate is made as follows: If 12 ml flow into the ventricle in 0.3 sec and a roughly sinusoidal flow contour is assumed, the peak flow is 62.8 ml/sec. Assuming an intrathoracic pressure of -8 mm Hg and a venous pressure, P v , of 6 mm Hg, the total head is 14 mm Hg. At mid diastole, Pd(V) is 1.5 mm Hg making an effective head of 12.5 mm Hg. Thus, R d = Ifif. = 0.20 mm Hg/ml/sec. 62.8
DIASTOLE: THE ARTERIES (EQUATION 4)
Equation 4 is merely the special case of equation 2 for aortic flow dV/dt = 0 and needs no special comment.
DIASTOLE: THE VENOUS SOURCE (EQUATION 5)
Equation 5 describes the pressure drop of the venous return dV/dt across the pulmonary venous resistance R p from a constant pressure head (taken as 6 mm Hg in the closed chest case and 14 mm Hg in the open) in either venous reservoirs of infinite compliance or an artificial reservoir as in the isolated heart preparation.
Rp; the Pulmonary Venous Resistance
Since intraventricular diastolic pressure is near 
M / Lis used to account for veins, atrium, and mitral valve. The atrium has been neglected in this study to simplify the number of equations that must be solved. Its role has been somewhat controversial and the viewpoint adopted here is that while it may be important during insufficient filling due to lowered venous pressures, its role is minor in normal operation and is absorbed in this study into the evaluation of R d .
Results
When the above numerical estimates were evaluated by reiterative computer analysis through the cardiac cycle, the ventricular behavior obtained was: end diastolic volume V d , 22.2 ml (up 11%); stroke volume V s , 10.7 ml (down 10.8%); aortic pressure, 104/70 mm Hg (mean down 13%). Readjustments were made to bring the pattern into the desired normal behavior. functions and parameters discussed so far and the changes made. Both changes in P S (V) and R s stem from the fact that the parabolic approximation in figure 3 was too small at small volumes which hampered the emptying process. The changes in Pd(V) and R<j established a period of diastasis, missing in the original estimates. Figure 5 shows the time courses of intraventricular pressure, aortic flow, left atrial flow, and volume. The five important parameters R s , Rd, R a and C o and the two functions P S (V) and P<j(V) are not uniquely determined by the four specifications V d , V s , mean pressure and pulse pressure but much of this ambiguity can be removed by using the waveforms of the flows as guides in helping to determine the directions and amounts of the corrections. The waveforms of figure 5 also allow some intuitive feeling of the type and degree of distortion resulting from the approximations, especially the lack of a slower relaxation in isometric pressure and lack of blood inertia which alter the details of waveform without greatly altering V, or V d . figure 6 . In the flow run, V s , P a and S.W. all increase in accordance with Starling's law of the heart which is built into the analysis through the function P«(V). In the pressure run, P~a increases rapidly but stroke volume V s falls so precipitously that although stroke work rises initially it soon falls in contradiction to Starling's law and known physiological behavior. It is thus clear that homeometric autoregulation must be added by simulating a reflexive inotropic feedback pathway. This is done as follows:
The tension time index (Sarnoff et al. 18 ) is obtained by averaging intraventricular pressure P with a filter whose time constant is 1.5 sec (3 beats). From this is subtracted P~n the tension time index for the normal case. The difference is amplified by a factor I and then added to the function P«(V). Analytically.
P / ( V ) = P S ( V ) +
In this way the normal pattern is not changed but any manipulation that increases or decreases the tension time index will cause the isometric pressure volume curve to increase or decrease from P«(V) to P/(V). Since P 8 (V) expresses the potential ability of the myocardium to do work (whether it does so or not depends on the load) it may be defined for purposes of this model as the contractility. Thus equation 10 states that the new contractility equals the normal contractility plus or minus an inotropic effect based on the tension time index.
/ is evaluated empirically by first increasing systemic resistance by 25% and then increasing I until V d and V, return to their normal levels. This value of I is 3.07. It is dimension- 
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The less. Thus a 10 mm Hg rise in the tension time index increases the contractility P«(V) by 30.7 mm Hg. Contractility cannot be allowed to change unreasonably and limits are set at 40 mm Hg below and 160 mm Hg above the normal value. These bounds approximate the limits, in a pressure run, beyond which the heart ceases to regulate homeometrically. That the introduction of homeometric autoregulation restores the pressure run response to a more physiological pattern is shown in figure  6 which shows also that more stroke work is done from a given end diastolic volume in a pressure run than in a flow run. It is true that myocardial viscosity R, decreases in a positive inotropic intervention but the results of this analysis indicate that increasing P S (V) is twice as efficient as decreasing R 8 in restoring stroke volume in a pressure run. Thus in the interest of simplicity, only the inotropic effect on P S (V) is utilized. All subsequent performance of the model is with homeometric autoregulation.
HOMEOSTASIS IN INTEGRATIVE BEHAVIOR
It is instructive to alter, one at a time, a number of parameters and functions that influence performance. Table 2 summarizes the results. The row marked sensitivity is the ratio between the per cent change in cardiac output and the per cent change in the parameter that caused it. Over-all behavior is not drastically sensitive to any one function or parameter but rather is determined cooperatively by all of them. Considerable variability in one or several of the parameters is not sufficient to throw the behavior beyond physiological limits which thus demonstrates a certain intrinsic stability of performance.
The following evidence of stability is offered to substantiate a previous comment that cardiac output is remarkably independent of arterial load characteristics due to myocardial viscosity. Figure 7 shows the work loops for four different loads; normal, C o = 0.05 ml/ mm Hg, C a -0 and an ideal Starling resistance. The second case might represent cannulation of the aorta with stiff walled tubing and simulating systemic resistance by a pinch clamp. The effective arterial stiffness is inCirculation Research, Vol. XVII, September 1965 creased 3.56 times. The third case, C a = 0, represents the ventricle discharging into completely rigid piping. A Windkessel effect still remains due to the series elastic compliance C e . The fourth case is another extreme, an ideal Starling resistance with infinite resistance below its critical closing pressure and zero resistance and infinite compliance (C o ) above it. In all four cases, end diastolic volume changed by less than 1. 5% and stroke volume by less than 5.8%. Except for the case C a -0, mean aortic pressure changed very little so that S.W. stayed constant and homeometric autoregulation, while present, played almost no role in achieving this stability. This insensitivity to drastic differences in the linearity and the frequency structure of the arterial impedance helps to justify the simple choice of load (no pulse propagation, no blood inertia) used in this model and also lessens the significance of the great diversity of artificial arterial loads used in experimental procedures that have been reported in isolated heart preparations. Expressed another way, the arterial load impedance at the fundamental frequency (2 cycles/sec) is 0.403 mm Hg/ml/sec while the source impedance of the ventricle (R g ) is 2.5 mm Hg/ml/sec. Since the source impedance is thus about six times the load impedance the ventricle behaves more like a flow pump than a pressure pump.
FLOW AND PRESSURE RUNS
The primary purpose of this simulation is to reproduce the behavior of the isolated ventricle in response to hemodynamic changes, namely, the flow and pressure runs. It is of passing interest to observe the dynamic response in these two cases as shown by the computer tracings in figures 8a and 8b. Figure 8a , depicting the response to a sudden doubling in systemic resistance (to 8.66 mm Hg/ml/sec), shows the accepted picture of the ventricle at first enlarging (Vd up 6.5% in 6 beats) and then, as the positive inotropic effect begins to take hold, decreasing until V d has returned halfway to its starting point. Stroke volume dropped from 9.4 ml to 8.5 ml (down 10%) in 5 beats and was then restored halfway back to its initial value. Total recovery took 20 beats (10 sec). Recovery to within 0.2 ml of final value takes only 13 beats (6.5 sec). Figure 8b shows a similar response to a sudden increase in filling pressure.
Steady state responses are shown in figure  9 . Here V s , V d , ¥ a , and S.W. are all plotted against filling pressure P v . P v is very close to mean atrial pressure and ventricular end diastolic pressure, two other variables commonly used for the abscissa. Seven flow runs are shown at multiples of normal R a (4.33 mm Hg/ml/sec) of 3, 2, 3/2, 1, 2/3, 1/2, 1/3 so that, by interpolation, figure 9 describes all possible steady state conditions for the simulated ventricle. In such runs one has the option of plotting curves along which either R 8 or P~a remains constant. The data in figure 9c for S.W. are plotted both ways; equal systemic resistance contours solid; equal mean aortic pressure contours dotted. The curves of end diastolic volume V d are almost independent of R o . This is due to the period of diastasis which makes filling dependent only on P v and not on the effectiveness of emptying (and so not on P a or R a ). The dependence on P a increases slightly for volumes between 7 and 14 ml because the slope of the curve P<j(V) is low here and a pronounced diastasis is not evident. The curves are slightly concave upward below 7 ml due to the ventricular diastolic suction shown in figure 3 . The curves flatten out above 20 ml due to the increase in Pd(V) at high volumes also shown in figure 3 . All possible steady state solutions for the cardiac cycle Stroke volume V s is also somewhat independent of back pressure from R a and this is due entirely to homeometric autoregulation, the absence of which would cause considerable spread among the contours. For loads of 3/2 R a and above, homeometric autoregulation is limited (limitation commencing whenever Pê xceeds about 200 mm Hg) which causes stroke volume to fall in the face of higher back pressures. For small flows at small heart volumes, V s is also slightly enhanced by diastolic suction.
Just as homeometric autoregulation tries to pull the V s contours together, it pushes the Pi contours apart. That is, since it tends to restore cardiac output against a higher systemic resistance, it must overcome this resistance with a higher pressure. In fact, since Unfortunately experimental data with which the curves of figure 9a may be compared are difficult to find. Reasons for this include such things as dog weight being unreported, heart rate being unreported or uncontrolled, the heart not being isolated or the nature of the filling system and the (artificial) arterial load being unspecified. A major problem historically has been measuring heart volume but with the advent of volume recording techniques the emphasis in research had swung to the responses of the intact heart. As a result there are almost no published quantitative data on the behavior of end diastolic volume V d in a pressure or flow run in an isolated mammalian heart. Some data are available, however, on cardiac output (V s ) in a flow run and these agree well with the curves of stroke volume in figure 9a.
Summary
A mathematical description of the hemodynamics of the ventricular cycle has been developed, based on the properties of myocardium. The functions and coefficients in the equations of this description have been evaluated quantitatively for the left ventricle of the 10 kg dog. By computer solution of these equations, the response of the ventricle in terms of end diastolic volume, stroke volume, mean arterial pressure, and stroke work to various changes such as filling pressure, contractility, systemic resistance, and arterial compliance has been recorded. The analysis includes homeometrie autoregulation as well as naturally exhibited Frank-Starling regulation and successfully predicts much of the static and dynamic behavior of the isolated, supported, paced left ventricle. The major features of the analysis and results are as follows:
1) The notion of conceptually dividing the ventricle into two chambers to correspond to the conceptual division of the myocardium into a series elastic and a contractile component is introduced in order that ventricular mechanics may be viewed in the light of the extensive knowledge on muscular mechanics.
2) The force-velocity relationship of muscle makes itself felt in ventricular dynamics as an hydraulic resistance across which occurs the pressure drop from isometric pressure (about 300 mm Hg) to the pressure actually seen in the ventricle. Its value (for the 10 kg dog) is about 2.5 mm Hg/ml/sec which is considerably higher than the dynamic impedance of the arterial load (0.403 mm Hg/ml/ sec at the fundamental frequency). This implies that the left ventricle resembles a flow pump more closely than commonly supposed. It further implies that cardiac output is relatively independent of pulse propagation and reflections, blood inertia, and arterial compliance.
3) A decrease in systemic resistance or a positive inotropic effect makes the heart smaller while increasing stroke volume. The combination (as in exercise) leads to increased stroke work from a smaller end diastolic volume in agreement with observations made on intact animals.
4) The fact that the isometric pressure volume curve of the ventricle (a reflection of the length tension curve of myocardium) exhibits greater pressures for larger volumes (over most of the physiological range) indicates that the ventricle is potentially capable of doing more stroke work from a larger end diastolic volume. Whether it does so in fact depends entirely on the conditions of the arterial load. This is the weak point of a too literal interpretation of Starling's law of the heart. No statement concerning stroke work and end diastolic volume can be complete or correct without specifying the nature of the load on which this work is to be done. In fact without homeometrie autoregulation (a liberty to be taken only in a computer simulation) Starling's law is rapidly and grossly disobeyed in a pressure run (increasing systemic resistance). With restoration of homeometrie autoregulation, Starling's law is again obeyed but dichotomized since the heart does more stroke work from a given end diastolic volume in a pressure run than in a flow run (increasing filling pressure).
5) An additional result of this investigation is the demonstration (quantitative) that concepts and measurements drawn from a wide variety of sources in the literature on muscle and cardiovascular functions are not incompatible and, when integrated into a comprehensive analytical description of the cardiac cycle, combine to produce cardiac behavior patterns in general agreement with experimentation.
Appendix 1 DERIVATION OF VENTRICULAR MECHANICS FROM MYOCARDIAL MECHANICS
Let the muscle fiber length L be divided into two parts, L e , the length of its series elastic component of compliance C and L c , the length of the contractile component. Let T s (L e ) be the isometric length tension relationship. Hill 19 has proposed the equation 
The assumptions, now invoked, that the myocardium obeys the law of Laplace (for thin walled vessels) and is cylindrical in shape, while affecting the nature of individual terms, do not affect the form of the equation or the topology of the model. These assumptions may be expressed by 
PC
and L e is typically 10% of L for full isometric tension for both skeletal and cardiac muscle. 2V
-5-) C dp dt
The first term on the right is simply the isometric pressure-volume function P S (V) which is a distorted image of the length-tension diagram T S (L C ). In the second and third terms, the coefficients of dV'/dt and dP/dt are functions of volume. In evaluating R s it was shown that the coefficient of dV/dt is approximately independent of volume and this can be accomplished by letting which also makes r (L c ) an increasing function of L c in accordance with Sonnenblick's observations. Finally one may set
where V o is some reference volume, say 20 ml. 
Appendix 2 EVALUATION OF MYOCARDIAL VISCOSITY R,
It is interesting to observe that the process of deriving the properties of whole ventricle from myocardial properties can be numerically successful. From all the figures from Sonnenblick 9 (which are at several values of minute heart rate) one finds an average unloaded maximum velocity of shortening of 0.217 mm/sec per minute heart rate, or 2.6 cm/sec at a rate of 120/min. Maximum isometric tension occurs typically for a muscle length of 9.2 mm and this will be made to correspond to a normal end diastolic volume of 20 ml at which, from Ullrich et al., 13 the peak isometric pressure is 320 mm Hg. . This is to be compared to 3.15 mm Hg/ml/sec used as an initial estimate and 2.5 mm Hg/ml/sec used as a readjusted value (table 1) . There is much spread in Sonnenblick's data and too few observations in the data of Ullrich et al. to feel much satisfaction in this evaluation. Its main function is to encourage the belief that the step from muscular to ventricular mechanics may yet be taken.
